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Abstract
This paper investigates the feasibility of using genetic programming (GP) to create an empirical model for the
complicated non-linear relationship between various input parameters associated with reinforced concrete (RC) deep
beams and their ultimate shear strength. GP is a relatively new form of artiﬁcial intelligence, and is based on the ideas of
Darwinian theory of evolution and genetics. The size and structural complexity of the empirical model are not speciﬁed
in advance, but these characteristics evolve as part of the prediction. The engineering knowledge on RC deep beams is
also included in the search process through the use of appropriate mathematical functions.
The model produced by GP is constructed directly from a set of experimental results available in the literature. The
validity of the obtained model is examined by comparing its response with the shear strength of the training and other
additional datasets. The developed model is then used to study the relationships between the shear strength and different inﬂuencing parameters. The predictions obtained from GP agree well with experimental observations.
 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction
Reinforced concrete (RC) deep beams are characterised as being relatively short and deep, having a thickness that is small relative to their span or depth, and
being primarily loaded in their own plane. They are
sometimes used for load distribution, for example as
transfer girders, pile caps, folded plates and foundation
walls. The transition from RC shallow beam behaviour
to that of deep beams is imprecise. For example, while
the ACI code [1], CEB-FIP model code [5] and CIRIA
Guide 2 [6] use the span/depth ratio limit to deﬁne RC
deep beams, the Canadian code [7] employs the concept
of shear span/depth ratio. ACI deﬁnes beams with clear
span to eﬀective depth ratios less than 5 as deep beams,
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whereas CEB-FIP model code treats simply supported
and continuous beams of span/depth ratios less than 2
and 2.5, respectively, as deep beams.
Several possible modes of failure of deep beams have
been identiﬁed from physical tests but due to their
geometrical dimensions shear strength appears to control their design. Despite of the large amount of research
carried out over the last century, there is no agreed rational procedure to predict the shear strength of RC
deep beams [12,22]. This is mainly because of the very
complex mechanism associated with the shear failure of
RC beams.
The design of RC deep beams has not yet been covered by BS8110 [4] that explicitly states, ‘‘for the design
of deep beams, reference should be made to specialist
literature’’. Comparisons between test results and predictions from other codes, such as ACI and CIRIA
Guide 2, show poor agreement [28,30].
In this paper, the genetic programming (GP) method
is used to build an empirical model to estimate the shear
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strength of RC deep beams subjected to two point loads.
The GP model will directly evolve from a set of experimental results available in the literature. A parametric
study is conducted to examine the validity of the GP
model predictions.

to faultlessly pass information between each other (closure property).

3. Genetic operators
2. Overview of the genetic programming methodology
GP [13] is a branch of genetic algorithms (GAs). Its
basis is the same Darwinian concept of survival of the
ﬁttest. While a GA uses a string of numbers to represent
the solution, the GP creates a population of computer
programs with a tree structure. In this application, a
program represents an empirical model to be used for
approximation of the shear strength of RC deep beams.
A typical program, representing the expression ðx1 =x2 þ
x3 Þ2 , is shown in Fig. 1.
These randomly generated programs are general and
hierarchical, varying in size and structure. GPÕs main
goal is to solve a problem by searching highly ﬁt computer programs in the space of all possible programs.
This aspect is the key to ﬁnding near global optimum
solutions by keeping many solutions that may potentially be close to minima (local or global). The creation
of the initial population is a blind random search of the
space deﬁned by the problem. Unlike a GAÕs output that
is a quantity, the output of the GP is a program.
The programs are composed of elements from terminal and functional sets, called nodes (see Fig. 1). The
terminal set consists of N variables x1 ; x2 ; . . . ; xN . The
functional set contains the mathematical operators that
will be used to generate the regression model, e.g. {þ, ,
=, power, square, square root, negation,. . .}. The functional set can be further subdivided into binary nodes,
which take any two arguments (like addition), and unary
nodes, which take one argument, e.g. a square root. All
the functions and terminals must be compatible in order

Fig. 1. Typical tree structure for ððx1 =x2 Þ þ x3 Þ2 .

Model structures evolve through the action of three
basic genetic operators: reproduction, crossover and
mutation. In the reproduction stage, a strategy must be
adopted as to which programs should die. In this implementation, a small percentage of the trees with the
worst ﬁtness are killed. The population is then ﬁlled with
the surviving trees according to accepted selection
mechanisms, as explained below. Crossover swaps randomly selected parts of two trees to combine good information from the parents and to improve the ﬁtness of
the next generation (see Fig. 2). Mutation, as shown in
Fig. 3, protects the model against premature convergence and improves the non-local properties of the
search. Occasionally, one randomly selected node is replaced by another one from the same set, except itself.
An additional operator, elite transfer, is used to allow
a relatively small number of the ﬁttest programs, called
the elite, to be transferred unchanged to a next generation, in order to keep the best solutions found so far. As
a result, a new population containing the same number
of trees as the original one is created but it has a higher
average ﬁtness value. Details of the particular implementation of GP used in this study are described below.

3.1. Fitness function
When selecting randomly a tree to perform any genetic operation, the tournament selection is used. This
method speciﬁes the probability of selection on the basis
of the ﬁtness of the solution. The ﬁtness of a solution
reﬂects the quality of approximation of experimental
data by a current expression represented by a tree. Another factor to be considered in the deﬁnition of the
ﬁtness is the length of the tree (compact expressions are
desirable) which, in the current implementation, is limited by the maximum allowed number of tuning parameters (function coeﬃcients) allocated to the tree. In
problems of empirical model building, an obvious choice
for the estimation of the quality of the model is the sum
of squares of the diﬀerence between the empirical model
output and some selected experimental data.
Generally, there can be two sources of error on the
empirical model: incorrect structure and inaccurate
tuning parameters. In order to separate these errors, the
measure QðSi Þ of the quality for a given empirical model
Si is only calculated for the tuned expression. In a dimensionless form this measure of quality of the solution
can be presented as follows:
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Fig. 2. Crossover.

(see next section) at the pth point of the experimental
data, Fp is the experimental value at the same point
and P is the total number of experiments. The ﬁtness
function QðSi Þ is to be minimized by the evolutionary
process.

4. Model tuning
Fig. 3. Mutation.

PP
QðSi Þ ¼

e

p¼1 ðFp  F p Þ
PP
2
p¼1 Fp

2

ð1Þ

where, for a given tree, Fep ¼ Fe ðxp Þ is the predicted value
of the shear strength by the empirical model after tuning

The empirical model is characterised not only by its
structure (to be found by the GP) but also by a set of
tuning parameters a to be found by the model tuning,
i.e. the least square ﬁtting of the model into the set of
experimental values:
P
X
ðFp  Fep ðaÞÞ2 ! min
p¼1

ð2Þ
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To solve this optimization problem, a combination of a
GA to ﬁnd an initial guess followed by a gradient-based
optimization method [15] is used.

• Main longitudinal top reinforcement ratio x6 ¼
Ast fyt =bhfc0 , where Ast ¼ area of main longitudinal
top reinforcement, fyt ¼ yield stress of main longitudinal top reinforcement.

5. Parameters aﬀecting shear strength of deep beams

Following normal practice established in the majority
of papers published on this topic [18,31], the transformation of the physical variables into dimensionless parameters allowed the reduction of the initial set of 16
variables to only six dimensionless variables. A dimensionless format is typically used in the codes of practice
and can be easily understood by design engineers. In
addition, the dimensionless transformation of the initial
physical variables has not been done arbitrarily but
follows design expertise of structural engineers, i.e.
x1 ¼ a=h could have been deﬁned as x1 ¼ a=L but this
would not make sense to a design engineer; x3 and x4
deﬁne the smeared intensity of vertical and horizontal
web reinforcement. In applications where the number of
variables is small, the response function produced by GP
could be directly related to the physical variables, as
suggested by Keijzer and Babovic [8,9] who developed a
dimensionally aware GP.
The shear span to depth ratio x1 is one of the main
parameters inﬂuencing shear behaviour [3,17,20,24]. A
marked increase in the shear strength occurs in RC
beams with reducing the shear span to depth ratio.
The type of web reinforcement aﬀects the shear strength
of RC deep beams [10,23]. Most codes of practice
provide formulae to calculate the shear strength in
which the contribution of the horizontal web reinforcement is higher than that of the vertical web reinforcement. Leonhardt and Walther [14] suggested that
the shear strength of deep beams cannot be improved
by the addition of web reinforcement. However, Kong
et al. [10] suggested that improvement is possible to
a limited extend. Rogowsky et al. [23] concluded
that horizontal web reinforcement had no eﬀect on
the shear strength while the vertical web reinforcement
had a signiﬁcant inﬂuence. As explained above, there
is strong disagreement on the inﬂuence of web reinforcement on the shear strength of deep beams, in
particular the relative eﬀectiveness of vertical and horizontal reinforcement. Although most test results of
RC deep beams suggest that the span to depth ratio x2
has very little inﬂuence on shear strength [18,26,31],
most codes of practice use this parameter to deﬁne
deep beams. In the current research, the span to depth
ratio will be represented in the GP model as one variable
and its eﬀect on the shear strength will be studied. Using
the current technique, it will be possible to study the
eﬀect of all parameters on the ultimate shear strength of
deep beams using all test results available in the literature at the same time; this may eliminate the inconsistency and conﬂicting conclusions drawn by diﬀerent
researches.

Fig. 4 shows the geometrical dimensions and reinforcement of a typical RC deep beam tested under two
point loads. The main parameters inﬂuencing the shear
strength of RC deep beams are the concrete compressive
strength, main longitudinal top and bottom steel reinforcement, horizontal and vertical web steel reinforcement, beam width and depth, shear span and beam span
[3,10,24]. Those parameters can be expressed in normalised form as follows:
• Normalised shear strength k ¼ P =bhfc0 , where P ¼
shear failure load, b ¼ beam width, h ¼ overall beam
depth, fc0 ¼ concrete compressive strength.
• Shear span to depth ratio x1 ¼ a=h.
• Beam span to depth ratio x2 ¼ L=h.
• Smeared vertical web reinforcement ratio x3 ¼
Asv fyv =bsv fc0 , where Asv ¼ area of vertical web reinforcement, sv ¼ horizontal spacing of vertical web
reinforcement, fyv ¼ yield stress of vertical web reinforcement.
• Smeared horizontal web reinforcement ratio x4 ¼
Ash fyh =bsh fc0 , where Ash ¼ area of horizontal web reinforcement, sh ¼ vertical spacing of horizontal web
reinforcement, fyh ¼ yield stress of horizontal web reinforcement.
• Main longitudinal bottom reinforcement ratio x5 ¼
Asb fyb =bhfc0 , where Asb ¼ area of main longitudinal
bottom reinforcement, fyb ¼ yield stress of main longitudinal bottom reinforcement.

Fig. 4. Geometrical dimensions of a RC deep beam.
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6. Empirical model obtained by GP
There is a large number of test results of RC deep
beams referred to in the literature. Test results of 141
deep beams reported in [10,11,17,20,21,23–25,27,29] are
used to create the GP response. The training dataset
covers a wide range of each parameter as given in Table
1. All selected beams were tested under two point loads;
other load arrangements have been excluded.
The mathematical operators addition, multiplication,
division, square and negation and a population size of
500 individuals were selected in the initial runs. For
simplicity of the GP evolved expression, the power of
variables was restricted to positive integer values.
From the beginning, it was observed that the variable
x2 (beam span to depth ratio) had small inﬂuence on the
shear strength k and, on one occasion, GP did not include this variable in the evolved expression.
To conﬁrm this observation, several GP runs were
undertaken with the ﬁtness function given in Eq. (1)
replaced by the statistical concept of correlation [19] as
deﬁned in Eq. (3) below:
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where, for a given tree, Fe is the mean of GP predicted
function values over the P points in the experimental
data, and, similarly, F is the mean of the experimental
shear strength values over all experimental data. The
ﬁtness function given in (3) determines and quantiﬁes
the correlation between the independent variables (x1 , x2 ,
x3 , x4 , x5 , x6 ) and the dependant variable k. The closer
the ﬁtness value to 1, the stronger the correlation. In all
GP runs, the ﬁtness value QðSi Þ in (3) was close to 1
when variable x2 was not included in the ﬁnal GP expression. The small relevance of x2 on the shear strength
has also been experimentally observed by other researchers [3,11,26,28,31].
Table 1
Range of normalised function and parameters of the training
dataset
x1
x2
x3
x4
x5
x6
kðxÞ

Minimum

Maximum

0.28
0.9
0.0
0.0
0.023
0.0
0.029

2.0
4.14
0.32
0.21
0.445
0.128
0.308
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In the next stage, only variables x1 , x3 , x4 , x5 and x6
were used. Multiple runs were performed and the solutions analysed on the basis of the simplest generated
model that conformed as closely as possible to the engineering understanding of the failure mechanism. When
the population size was increased to 1000 individuals
and the mutation rate set to 0.001, the following model
emerged:
k ¼ x5  ð4:31 þ 0:15  x21 þ 12:11  x1  x5
þ 3:34  x1  x6 þ 0:66  x3 þ 0:47  x4
þ 23:27  x25  16:97  x1  x25  18:22
 x5  2:70  x1 Þ

ð4Þ

Solutions with better ﬁtness than (4) were produced, but
they were rejected because of their excessive length.
Simplicity is a requirement and, as the complexity of the
model increases, its ability to generalise can be aﬀected
by the risk of overﬁtting the data.
The structure of expression (4) was found acceptable,
but the coeﬃcients needed to be adjusted in order to
satisfy some constraints derived from the engineering
knowledge of the problem, such as that the shear
strength should be positive for the range of shear span to
depth ratio studied. A sequential quadratic programming (SQP) algorithm [16] was applied to improve the
coeﬃcients of Eq. (4), as follows:
k ¼ x5  ð3:50 þ 0:20  x21 þ 3:3  x1  x5
þ 3:37  x1  x6 þ 0:63  x3 þ 0:71  x4
þ 9:8  x25  1:66  x1  x25  10:67  x5
 1:76  x1 Þ

ð5Þ

Further studies with GP and manual postprocessing
to adjust the coeﬃcients produced by the SQP algorithm
have suggested a simpliﬁed ﬁnal expression as follows:
k ¼ A  x25 þ B  x5 þ C

ð6Þ

where A ¼ 4:56 þ 1:68  x1 , B ¼ 2:45 þ 0:1  x21  1:16 
x1 þ 3:12  x6 , C ¼ 0:3  x3 þ 0:3  x4 .
It appeared that the variables x1 (shear span to depth
ratio) and x5 (main longitudinal bottom reinforcement
ratio) were the most signiﬁcant parameters. Alternative
expressions with an additional term x1  x6  x5 were
found, but no relationship between these variables is
available as a criterion for the choice between diﬀerent
acceptable expressions. In the literature there is no
consensus about the eﬀect of the main longitudinal top
reinforcement (represented by x6 in the above expression) on the shear strength; this requires further investigation and, following that, better understanding of its
eﬀect can be reﬂected in the GP prediction. The web
reinforcement contribution (represented by x3 and x4 ) as
given by expression (6) is very small.
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Expression (6) gives a root mean square (RMS) error
over the training data of 0.033. The average ratio between the predicted and experimental shear strength is
1.008, and the standard deviation is 0.23. Fig. 5 shows
a comparison between the experimental and predicted
shear strengths for the training data. To validate the
model, 15 additional experimental results, which were
not exposed to GP in the training process, were used and
detailed in Table 2. The average and standard deviation
of the ratio between the predicted and experimental
shear strengths are 1.11 and 0.21, respectively. The RMS
error over the validation data is 0.035.

7. Parametric study
The inﬂuence of diﬀerent parameters on the shear
strength k is studied next. In this study, expression (6)
has been used to predict the shear strength outside the
range where the model was constructed. Parameter x1 is
predicted up to the value 2.5 and parameter x5 starts
from the value 0 (see Table 1 for the initial range of the
parameters of the training dataset).
Fig. 6 gives the relationship between the shear span to
depth ratio x1 against the shear strength k for diﬀerent
values of the normalised main longitudinal bottom reinforcement (x5 ¼ 0:025, 0.05, 0.075, 0.1, 0.2) and no

Fig. 5. Comparison of experimental and predicted shear
strengths.

Fig. 6. Eﬀect of x1 on the shear strength.

Table 2
Validation dataset
Ref.

x1

x3

x4

x5

x6

ke

k

k=ke

[20]
[10]
[17]
[21]
[23]
[24]
[25]
[29]
[27]
[27]
[27]
[2]
[2]
[2]
[2]

0.8889
0.5000
0.5793
0.3776
1.6667
0.8571
0.9389
0.5029
1.2324
1.2324
1.2324
1.0000
1.0000
1.0000
1.0000

0.0843
0.0855
0.0000
0.0334
0.0000
0.1342
0.0626
0.0141
0.0000
0.0000
0.0000
0.0417
0.0417
0.0491
0.0000

0.0000
0.0855
0.0000
0.0334
0.0239
0.1450
0.1033
0.0141
0.0000
0.0000
0.0000
0.0833
0.0208
0.0245
0.0000

0.1413
0.1049
0.0904
0.0743
0.1071
0.3519
0.1222
0.2824
0.2899
0.2899
0.2899
0.1395
0.1395
0.1644
0.1644

0.0834
0.0256
0.0000
0.0000
0.0064
0.0192
0.0475
0.0028
0.0000
0.0000
0.0000
0.0065
0.0065
0.0548
0.0548

0.2030
0.2214
0.1542
0.1390
0.0684
0.2339
0.1442
0.1568
0.1190
0.1590
0.1640
0.1473
0.1232
0.1645
0.1634

0.2125
0.2175
0.1345
0.1489
0.0742
0.2566
0.2004
0.2489
0.1306
0.1306
0.1306
0.1781
0.1594
0.2009
0.1788

1.0467
0.9825
0.8723
1.0713
1.0849
1.0967
1.3903
1.5881
1.0977
0.8215
0.7965
1.2093
1.2943
1.2210
1.0943

Average
Standard deviation
RMS

1.11
0.21
0.035
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web reinforcement. A signiﬁcant reduction on the dimensionless shear strength k is observed with the increase of the shear span to depth ratio x1 ; the rate of
decrease is decreased with the increase of shear span to
depth ratio. This behaviour was experimentally and
computationally observed by other researchers [3,10,
18,24].
The inﬂuence of the main longitudinal bottom reinforcement ratio x5 on the dimensionless shear strength k
is presented in Fig. 7 for diﬀerent shear span to depth
ratios (x1 ¼ 0:5, 1.0, 1.5, 2.0, 2.5) and no web reinforcement. For all cases, the dimensionless shear
strength is increasing with the increase of main longitudinal bottom reinforcement ratio. The rate of increase
of the shear strength is reduced with the increase in the
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main longitudinal reinforcement ratio. These observations agree well with conclusions obtained elsewhere
[3,10,18,24].
Fig. 8 presents the inﬂuence of the horizontal and
vertical web reinforcement ratios on the shear strength.
Based on the current model (Eq. (6)), the contribution of
the web reinforcement to the shear strength is small and
more pronounced for smaller shear span to depth ratio.
Both smeared vertical and horizontal web reinforcement
ratios have the same contribution to the shear strength,
as indicated by Eq. (6).

8. Conclusions
An empirical model to predict the shear strength of
RC deep beams has been obtained by GP. Experimental
results are used to build and validate the model. Good
agreement between the model predictions and experiments has been achieved. As more experimental results
and knowledge of the shear behaviour of deep beams
become available, the GP prediction could be improved.
The GP model predicts the following behaviour between the shear strength and the inﬂuencing parameters:

Fig. 7. Eﬀect of x5 on the shear strength.

• The shear span to depth and main longitudinal bottom reinforcement ratios have the most signiﬁcant
eﬀect on the shear strength of RC deep beams.
• The shear strength is inversely proportional to the
shear span to depth ratio; the higher the shear span
to depth ratio, the less the shear strength.
• The shear strength increases with the increase of the
main longitudinal bottom reinforcement ratio up to
a certain limit beyond which no improvement can
be achieved.
• The eﬀect of the beam span to depth ratio and web
reinforcement on the shear strength is very small.
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